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• Quantum metrology: high-precision parameter estimation

quantum strategies ⇒ scaling gap in resources
w.r.t. best classical strategy ⇒ Heisenberg scaling

• Explore this advantage in relativistic scenarios?

• Typically described by Bogoliubov transformations
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• Phase estimation: a paradigm metrology scenario

• General setup & the quantum Fisher information (QFI)
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Phase estimation

θ

exp(iθ a†a )

n single photon probes, count output photons NC = c†c

repeat ν times: ∆NC → ∆θ̄ ∝ 1/
√
nν ”shot noise”

2 V. Giovanetti, S. Lloyd, and L. Maccone, Science 306, 1330 (2004) [arXiv:quant-ph/0412078].
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.
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.
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.
.
.

ρ

k

Preparation: only N modes controlled: |ψ 〉 = |ψ 〉k |0〉¬k
Transformation: (Gaussian) unitary on arbitrary many modes

Measurement: trace out ¬k, ν repetitions

Optimize over measurements ⇒ Quantum Fisher Info I(ρ(θ))

Cramér-Rao inequality ∆θ̄ ≥ 1/
√
νI(ρ(θ)) with

I
(
ρ(θ)

)
= limdθ→0 8

1−
√
F
(
ρ(θ),ρ(θ+dθ)

)
dθ2
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Generalized Setting

|ψ〉

|ψ〉k

|0〉¬k

k1

k2
.
.
.

kN

kN+1
.
.
.

U(θ) |ψ

〉

k1

k2
.
.
.

kN

kN+1
.
.
.

ρ

k

Preparation: only N modes controlled: |ψ 〉 = |ψ 〉k |0〉¬k
Transformation: (Gaussian) unitary on arbitrary many modes

Measurement: trace out ¬k, ν repetitions

Optimize over measurements ⇒ Quantum Fisher Info I(ρ(θ))

Cramér-Rao inequality ∆θ̄ ≥ 1/
√
νI(ρ(θ)) with

I
(
ρ(θ)

)
= limdθ→0 8

1−Tr
√√

ρ(θ) ρ(θ+dθ)
√
ρ(θ)

dθ2

1 N. Friis, M. Skotiniotis, I. Fuentes, and W. Dür, Phys. Rev. A 92, 022106 (2015) [arXiv:1502.07654].
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Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)

k + θ ρ̃(1)

k + θ2 ρ̃(2)

k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
= −4 k〈 ψ̃(0)| ρ̃(2)

k | ψ̃(0)〉k + O(θ)

Nicolai Friis Estimating parameters encoded in Gaussian transformations



Framework: Parameter Estimation & Gaussian Operations
Results: Tracing Losses, Heisenberg Scaling, Optimality

Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)

k + θ ρ̃(1)

k + θ2 ρ̃(2)

k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
= −4 k〈 ψ̃(0)| ρ̃(2)

k | ψ̃(0)〉k + O(θ)

Nicolai Friis Estimating parameters encoded in Gaussian transformations



Framework: Parameter Estimation & Gaussian Operations
Results: Tracing Losses, Heisenberg Scaling, Optimality

Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)

k + θ ρ̃(1)

k + θ2 ρ̃(2)

k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
= −4 k〈 ψ̃(0)| ρ̃(2)

k | ψ̃(0)〉k + O(θ)

Nicolai Friis Estimating parameters encoded in Gaussian transformations



Framework: Parameter Estimation & Gaussian Operations
Results: Tracing Losses, Heisenberg Scaling, Optimality

Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)

k + θ ρ̃(1)

k + θ2 ρ̃(2)

k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
= −4 k〈 ψ̃(0)| ρ̃(2)

k | ψ̃(0)〉k + O(θ)

Nicolai Friis Estimating parameters encoded in Gaussian transformations



Framework: Parameter Estimation & Gaussian Operations
Results: Tracing Losses, Heisenberg Scaling, Optimality

Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)

k + θ ρ̃(1)

k + θ2 ρ̃(2)

k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
= −4 k〈 ψ̃(0)| ρ̃(2)

k | ψ̃(0)〉k + O(θ)

Nicolai Friis Estimating parameters encoded in Gaussian transformations



Framework: Parameter Estimation & Gaussian Operations
Results: Tracing Losses, Heisenberg Scaling, Optimality

Perturbative Approach to Parameter Estimation

Perturbative approach

Unitary transformation: U(θ) = U (0) + θ U (1) + θ2 U (2) + O(θ3)

Total state

Transformed state: | ψ̃ 〉 = | ψ̃(0)〉 + θ | ψ̃(1)〉 + θ2 | ψ̃(2)〉 + O(θ3)

QFI: I(| ψ̃ 〉) = 4
(
〈ψ̃(1) | ψ̃(1)〉 − |〈ψ̃(0) | ψ̃(1)〉|2

)
+ O(θ)

Reduced state

after tracing: ρ̃k(θ) = ρ̃(0)
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k + O(θ3)

Reduced state QFI:

I
(
ρ̃k(θ)

)
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∑
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|k〈 ψ̃(0)|¬k〈 i |U (1)|ψ 〉k |0〉¬k|2 +O(θ)
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Specialize to Gaussian Transformations

Perturbative Bogoliubov transformation

Coefficients: αmn = α(0)

mn + α(1)

mn θ + α(2)

mn θ
2 + O(θ3)

βmn = β (1)

mn θ + β (2)

mn θ
2 + O(θ3)

Phases (free time evolution): α(0)

mn = δmnGn = δmn exp(iφn)

Vacuum: |0〉 7→ |0〉 − θ 1
2

∑
p,q G

∗
qβ

(1)∗
pq a†pa

†
q |0〉 + O(θ2)

Tracing loss

QFI: I
(
ρ̃k(θ)

)
= I(| ψ̃ 〉) − ∆tr(|ψ 〉k) + O(θ)

Tracing loss: ∆tr(|ψ 〉k) ≥ ∆tr(|0〉k) = 2
∑
p,q /∈k

|β (1)

pq |
2
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Optimal Scaling

• Have QFI for any initial state

• Know how to pick states with minimal tracing loss

e.g., I(|nk〉) = 2n(n+ 1)|β (1)

kk |
2+4n

∑
p6=k

(
|α(1)

pk |
2 + |β (1)

pk |
2
)

+ I(|0〉) + O(θ)

or for β (1)

kk = β (1)

k′k′
= 0

I(|nk〉|mk′〉) = 8mn
(
|α(1)

kk′
|2 + |β (1)

kk′
|2
)

+ 4n
∑
p 6=k

(
|α(1)

pk |
2 + |β (1)

pk |
2
)

+ 4m
∑
p 6=k′

(
|α(1)

pk′
|2 + |β (1)

pk′
|2
)

+ I(|0〉) +O(θ)

Heisenberg scaling optimal?
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Optimal Scaling

OPTIMAL
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Bogoliubov transformations in phase space

Gaussian States - covariance matrix formalism

σij = 〈XiXj + XjXi 〉 − 2 〈Xi 〉 〈Xj 〉

quadratures: X(2n−1) = 1√
2
(an + a†n) and X(2n) = −i√

2
(an − a†n)

symplectic form Ωmn = −i [Xm,Xn]

Bogoliubov transformation ⇒ symplectic transformation S

σ̃ = S σ ST

S =


M11 M12 M13 . . .
M21 M22 M23 . . .
M31 M32 M33 . . .

.

.

.

.

.

.

.

.

.
. . .

 where Mmn =

(
Re(αmn − βmn) Im(αmn + βmn)

−Im(αmn − βmn) Re(αmn + βmn)

)
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Tracing & Fidelity

Transforming initial state

σ =


C11 C12 C13 . . .
C21 C22 C23 . . .
C31 C32 C33 . . .

...
...

...
. . .

 ⇒ σ̃ =


C̃11 C̃12 C̃13 . . .

C̃21 C̃22 C̃23 . . .

C̃31 C̃32 C̃33 . . .
...

...
...

. . .



where C̃mn =
∑
i,j
MmiCijMT

nj

Fidelity 3 (e.g., for 2 modes)

F(ρ, ρ′) = exp
(
− 1

2
δ 〈 X 〉T (σ + σ′)−1δ 〈 X 〉

)
×
[
(
√

Γ +
√

Λ) +
√

(
√

Γ +
√

Λ)2 −∆
]−1

where ∆ = det(σ + σ′), Γ = 22n det
(

(Ωσ)(Ωσ′)− 1
4
1
)

and Λ = 22n det
(
σ + i

2
Ω
)

det
(
σ′ + i

2
Ω
)
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Some results for Gaussian states

Optimal Gaussian states

• R. Gaiba and M. G. A. Paris, Phys. Lett. A 373, 934 (2009) [arXiv:0802.1682].

One-mode and two-mode Gaussian state QFI

• M. Ahmadi, D. E. Bruschi, C. Sab́ın, G. Adesso, and I. Fuentes, Sci. Rep. 4,
4996 (2014) [arXiv:1307.7082].

• M. Ahmadi, D. E. Bruschi, and I. Fuentes, Phys. Rev. D 89, 065028 (2014)
[arXiv:1312.5707].

• D. Šafránek, A. R. Lee, and I. Fuentes, New J. Phys. 17, 073016 (2015)
[arXiv:1502.07924].
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Summary (for proofs please see 1)

• Parameter estimation framework for perturbative Bogoliubov
transformations

• Works for any initial states (not just Gaussian, e.g., as in 3)

• Quantify & minimize tracing losses

• Show that Heisenberg scaling is optimal

• Determine family of ALL optimally scaling & minimal tracing
loss states

1 N. Friis, M. Skotiniotis, I. Fuentes, and W. Dür, Phys. Rev. A 92, 022106 (2015) [arXiv:1502.07654].

3 M. Ahmadi, D. E. Bruschi, and I. Fuentes, Phys. Rev. D 89, 065028 (2014) [arXiv:1312.5707].
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