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Motivation

» Gaussian quantum systems :
easily described mathematically, easily produced in practice.

» Majorization : theory of disorder : relation with von Neumann
entropy.

» Minimum output entropy conjectures : compute capacity of
Gaussian channels.
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Gaussian bosonic channels (1)

> Pure loss channel £, |0)

Qin — Gout = \/ﬁain + v 1- n&env

» Quantum-limited amplifier Ag |0>—>—:l:1
G
Gin = Gout = VGiin + VG = Laeny P77 Acle]
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Gaussian bosonic channels (2)

» Adjoint ®' of a channel @ :

Tr [A®T[B]] = Tr[0[4]B], ¥ A,B.

> ‘C’Iy = (1/77)A1/17

> AL = (1/G)£1/G

» Any phase-insensitive Gaussian bosonic channel ® = Ag o L,
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Majorization (1)

p > o if and only if

N =Y Y

n n
=0 1=0

iff 3 mixture of unitaries {p,,U,} s.t.

o= anUnpU,]:.
n
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Majorization (2)

p > o if and only if

F(p) > F(o), V Schur-convex fonctions F.

von Neumann entropy :

p=oc = Sp) <S(o).
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Fock-majorization

» Fock-majorization : p >¢ o if and only if

Tr[Pnp] > Tr[Pyo], Y n>0,

where P, = Z i) (7.

=0
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Majorization and Fock-majorization

» Relation between majorization and Fock-majorization

» p* and ot passive : pt-pot e pteot
> pt=0 = ptefo
> ppat = prot

» Relation between energy and Fock-majorization

p-po = Trnp] < Trlno]
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Fock-majorization in Gaussian channels

Lemma 1

Pure-loss channel £, of arbitrary transmittance n

Lo k) (k|| = Lok +1) Gk +1]], ¥Ek>o0.

Lyl k) (k|| = Ly[ I+ 1) (k+1]], VE>o0.

Lemma 2

Quantum-limited amplifier Ag of arbitrary gain G

Ac[IK) (k1] = Ac[Ik+1) (ki +1]], VE>0.

Ag[lk)<k|] >AG[|/<+1><1<;+1|}, Y k> 0.
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Fock-preserving and passive-preserving channels

» Fock-preserving channel @ :

p Fock-diagonal = ®[p] Fock-diagonal.

» Fock-preserving ® is passive-preserving :
p passive = ®[p| passive.

Fock-preserving ® is passive-preserving iff
o [ |k) (k|| =¢ @[k +1) (k+1]], VE>0.

Corollary 1

Phase-insensitive Gaussian bosonic channels are passive preserving.
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Fock-majorization preserving channels

» Fock-preserving ® is Fock-majorization preserving :
p-ro = ®p] ~f Plo].

Theorem 2

Fock-preserving ® is Fock-majorization preserving iff

[ k) (k|| ¢ @[ [k +1) (k+1]], VE>0.

Corollary 2

Phase-insensitive Gaussian bosonic channels are Fock-majorization
preserving.
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Discussion (1)

Minimum output entropy conjecture : Gaussian channel C

P~ C~C(p)

Sp)=5m) =5 =  s(chl)=s(cr)

Isospectral states :  C[p"] = C[p] !

Comparable states :  p* =0 = Clp"] = C[o]

1. G. De Palma, D. Trevisan and V. Giovannetti, arXiv :1511.00293 [quant-ph]
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Discussion (2)

pt =0 = Clp*] - Clo]
If all p,o comparable,
S(C[pﬂ) < (C[aﬂ) = pt = ot
= pt = ot
= Tr {ﬁpﬂ <Tr [ﬁaﬂ

= T optimal
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