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EPR paradox (1935)

“As a consequence of two different 

measurements performed upon the first 

system, the second system may be left in 

states with two different [kinds of] 

wavefunctions”

0
q

IT’S NOT A BUG! “The theory allows a system to be steered into one 

or the other type of state at the experimenter’s 

mercy in spite of his having no access to it. […] 

Since I can predict either [q] or [p] without 

interfering with [the second] system, [it] must know 

both answers; which is an amazing knowledge.”

G. Adesso Multipartite steering of Gaussian states RACQIT Barcelona, April 2016



Reid’s criterion (1989)

0
q

• Bob can measure ො𝑞𝐵 or Ƹ𝑝𝐵, obtaining respective outcomes 𝑄𝐵, 𝑃𝐵
• Alice wants to guess those outcomes by measuring her system

• Alice measures ො𝑞𝐴 with outcome 𝑄𝐴 and infers 𝑄𝐵
𝑒𝑠𝑡 𝑄𝐴 e.g. by 

linear inference, 𝑄𝐵
𝑒𝑠𝑡 𝑄𝐴 = 𝑔𝑞𝑄𝐴 + 𝑑𝑞

• The inferred variance on Bob’s outcome given Alice’s estimate is 

Δ𝑄𝐵|𝑄𝐴
2 = 𝑄𝐵 − 𝑄𝐵

𝑒𝑠𝑡 𝑄𝐴
2 and it can be minimised by finding 

the optimal 𝑔𝑞, 𝑑𝑞
• Alice can equivalently estimate 𝑃𝐵 by measuring Ƹ𝑝𝐴

Criterion: If the Heisenberg-type condition

Δ𝑄𝐵|𝑄𝐴
2 Δ𝑃𝐵|𝑃𝐴

2 ≥ 1

is violated, then 𝜌𝐴𝐵 is “𝐴 → 𝐵 steerable”

𝜌𝐴𝐵
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Wiseman et al. (2007)
For a bipartite state 𝜌𝐴𝐵, given measurement operators ො𝑎 and 𝑏 on 

Alice’s and Bob’s parties, with outcomes 𝐴 and 𝐵, if for all pairs ො𝑎

and 𝑏 the joint statistics of the measurement results cannot

• have arisen from correlations between a random local hidden 

variable for Alice and a random local hidden variable for Bob, 

𝑝 𝐴, 𝐵 ො𝑎, 𝑏; 𝜌𝐴𝐵 ≠ ∑𝜆𝑝 𝐴 ො𝑎, 𝜆 𝑝 𝐵 𝑏, 𝜆 𝑝𝜆
⇒ 𝜌𝐴𝐵 is Bell nonlocal 

• have arisen from correlations between a random local hidden 

variable for Alice and a local hidden state measured by Bob,

𝑝 𝐴, 𝐵 ො𝑎, 𝑏; 𝜌𝐴𝐵 ≠ ∑𝜆𝑝 𝐴 ො𝑎, 𝜆 𝑝 𝐵 𝑏; 𝜏𝜆
𝐵 𝑝𝜆

⇒ 𝜌𝐴𝐵 is 𝑨 → 𝑩 steerable

• have arisen from correlations between a random pure state 

measured by Alice and a random pure state measured by Bob,

𝑝 𝐴, 𝐵 ො𝑎, 𝑏; 𝜌𝐴𝐵 ≠ ∑𝜆𝑝 ො𝑎 𝐴; 𝜎𝜆
𝐴 𝑝 𝐵 𝑏; 𝜏𝜆

𝐵 𝑝𝜆
⇒ 𝜌𝐴𝐵 is entangled
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Hierarchy of correlations
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classical

discordant

entangled

steerable

nonlocal



Continuous variable systems
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• We introduce a vector of canonical operators: 
𝑅 = ො𝑞1, Ƹ𝑝1, ො𝑞2, Ƹ𝑝2, … , ො𝑞𝑁, Ƹ𝑝𝑁 , 

with ො𝑞𝑘 =
1

2
ො𝑎𝑘 + ො𝑎𝑘

† , Ƹ𝑝𝑘 =
1

𝑖 2
ො𝑎𝑘 − ො𝑎𝑘

†

• Canonical commutation relations: ො𝑞𝑗 , Ƹ𝑝𝑘 = 𝑖 𝛿𝑗𝑘

• Recalling the N-mode symplectic form  Ω𝑁 = Ω⊕𝑁, with Ω =
0 1
−1 0

, we can write the commutation relations compactly:

𝑅𝑗 , 𝑅𝑘 = 𝑖 Ω𝑁 𝑗𝑘



• are states whose Wigner distribution                                         

is a Gaussian function in phase space

• Completely specified by:

– A vector of means ത𝑅 (first moments): ത𝑅 = 𝑅 𝜌 =

ො𝑞1 , Ƹ𝑝1 , … , ො𝑞𝑁 , Ƹ𝑝𝑁 [irrelevant: can be set to 0]

– A covariance matrix (second moments) 𝝈 of elements

𝜎𝑗𝑘 = 𝑅𝑗 𝑅𝑘 + 𝑅𝑘 𝑅𝑗 𝜌 − 2 𝑅𝑗 𝜌
𝑅𝑘 𝜌

𝑊𝜌 𝜉 =
exp − 𝜉 − ത𝑅 𝑇𝝈−1(𝜉 − ത𝑅)

𝜋𝑁 det 𝝈

Gaussian states
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• Bona fide vs PPT vs steering

– Violation of this condition is necessary and 

sufficient for steerability of all bipartite 

Gaussian states by Gaussian measurements 
(Wiseman et al PRL 2007)

Gaussian steering
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Physical PPT 𝑨 → 𝑩 non-steerable

Density 

matrix

𝜌𝐴𝐵 ≥ 0 𝜌𝐴𝐵
𝑇𝐵 ≥ 0 no simple criterion

Covariance 

matrix

𝜎𝐴𝐵 + 𝑖 Ω𝐴 ⊕Ω𝐵
≥ 0

𝜎𝐴𝐵 + 𝑖 −Ω𝐴 ⊕Ω𝐵
≥ 0

𝜎𝐴𝐵 + 𝑖 0𝐴 ⊕Ω𝐵
≥ 0

Symplectic

spectrum

𝜈𝑘 ≥ 1 ∀𝑘 ǁ𝜈𝑘 ≥ 1 ∀𝑘 ???



Gaussian steering
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Then: 𝜎𝐴𝐵 + 𝑖 0𝐴 ⊕Ω𝐵 ≥ 0 ⇔

ቊ
𝛼 > 0 (always true)

ത𝜎𝐵 + 𝑖 Ω𝐵 ≥ 0

where we defined the Schur complement

ത𝜎𝐵 = 𝛽 − 𝛾𝑇𝛼−1𝛾
with symplectic spectrum ҧ𝜈𝑘

Criterion: the bipartite Gaussian state 𝜎𝐴𝐵 is 𝐴 → 𝐵
steerable by Gaussian measurements if and only if 

the Schur covariance matrix ത𝜎𝐵 is not bona fide

Recall: 𝜎𝐴𝐵 =
𝛼 𝛾

𝛾𝑇 𝛽



• Gaussian steerability:

Gaussian steering: measure
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Physical PPT 𝑨 → 𝑩 non-steerable

Covariance 

matrix

𝜎𝐴𝐵 + 𝑖 Ω𝐴 ⊕Ω𝐵
≥ 0

𝜎𝐴𝐵 + 𝑖 Ω𝐴 ⊕Ω𝐵
≥ 0

ത𝜎𝐵 + 𝑖 Ω𝐵 ≥ 0

Symplectic

spectrum

𝜈𝑘 ≥ 1 ∀𝑘
(𝑘 = 1,… , 𝑛𝐴 + 𝑛𝐵)

ǁ𝜈𝑘 ≥ 1 ∀𝑘
(𝑘 = 1,… , 𝑛𝐴 + 𝑛𝐵)

ഥ𝜈 𝑘 ≥ 1 ∀𝑘
(𝑘 = 1,… , 𝑛𝐵)

𝒢𝐴→𝐵 𝜎𝐴𝐵 =

0, if ҧ𝜈𝑘 ≥ 1 ∀𝑘

− 

𝑘: ഥ𝜈𝑘<1

log ҧ𝜈𝑘

K
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• Computable

• Monotone under Gaussian LOCC

• Additive on tensor product states

• Convex

• Equal to Renyi-2 measure of 

entanglement on pure states

• Smaller than entanglement                                 

on mixed states (i.e. respects                    

the hierarchy of correlations!)

Gaussian steering: properties
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𝒢𝐴→𝐵 𝜎𝐴𝐵 =

0, if ҧ𝜈𝑘 ≥ 1 ∀𝑘

− 

𝑘: ഥ𝜈𝑘<1

log ҧ𝜈𝑘



• Gaussian steerability:

– The degree of steering (by Gaussian 

measurements) takes the form of a 

Renyi-2 coherent information

Gaussian steering: 𝑵 → 𝟏 modes
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𝒢𝐴→𝐵 𝜎𝐴𝐵 = max{0,−1
2
log det ത𝜎𝐵}

= max 0,
1

2
log

det 𝛼

det 𝜎𝐴𝐵
= max 0, 𝑆2 𝛼 − 𝑆2(𝜎𝐴𝐵)

𝜎𝐴𝐵 =
𝛼 𝛾

𝛾𝑇 𝛽



• Different definitions in the literature, depending 

whether the trusted/untrusted roles of the parties are 

fixed (Cavalcanti et al 2015) or not (He & Reid 2014). 

• In the latter case, a tripartite state exhibits genuine 

tripartite steering if its correlations rule out a hybrid 

local-nonlocal hidden state model:

• 𝑝 𝐴, 𝐵, 𝐶 ො𝑎, 𝑏, Ƹ𝑐; 𝜌𝐴𝐵𝐶 ≠ 𝑃𝐴 ∑𝜆𝑝 𝐴 ො𝑎, 𝜆 𝑝 𝐵𝐶 𝑏, Ƹ𝑐; 𝜏𝜆
𝐵𝐶 𝑝𝜆+

𝑃𝐵 ∑𝜆𝑝 𝐵 𝑏, 𝜆 𝑝 𝐶𝐴 Ƹ𝑐, ො𝑎; 𝜏𝜆
𝐶𝐴 𝑝𝜆+𝑃𝐶 ∑𝜆𝑝 𝐶 Ƹ𝑐, 𝜆 𝑝 𝐴𝐵 ො𝑎, 𝑏; 𝜏𝜆

𝐴𝐵 𝑝𝜆

with 𝑃𝐴 + 𝑃𝐵 + 𝑃𝐶 = 1

• Sufficient condition: If 𝐴 → 𝐵𝐶 steerable, 𝐵 → 𝐴𝐶
steerable, and 𝐶 → 𝐴𝐵 steerable, then the state 

possesses genuine tripartite steering

Multipartite steering
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Monogamy

G. Adesso Multipartite steering of Gaussian states RACQIT Barcelona, April 2016

A B C

• Reid 2013: (Δ𝑄𝐵|𝑄𝐴
2 Δ𝑃𝐵|𝑃𝐴

2 )(Δ𝑄𝐵|𝑄𝐶
2 Δ𝑃𝐵|𝑃𝐶

2 ) ≥ 1

• This holds for arbitrary (Gaussian or non-

Gaussian) states of three single modes ABC

• If A steers B by Gaussian measurements, then 

C cannot steer B by Gaussian measurements



Monogamy: extended
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A B

• Two parties A and C of arbitrarily many modes 

cannot simultaneously steer a third party B by 

using only Gaussian measurements

• The result follows from the strong subadditivity 

inequality for log-determinant of covariance 

matrices valid for arbitrary tripartite continuous 

variable states (GA et al PRL 2012, GA & Simon 2016)

AAAA C C C C C

𝑆2 𝜎𝐴𝐵 + 𝑆2 𝜎𝐵𝐶 − 𝑆2 𝜎𝐴 − 𝑆2 𝜎𝐶 ≥ 0



Monogamy: CKW inequality
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Gaussian steerability is monogamous (Xiang et al 2016)

…

≥

…

…

…
+    +…

+



Residual Gaussian steering
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For pure 3-mode Gaussian states the residual Gaussian 

steering (RGS) is independent of the steering direction

min

𝜎𝐴𝐵𝐶 =
𝜎𝐴 𝛾𝐴𝐵 𝛾𝐴𝐶
𝛾𝐴𝐵
𝑇 𝜎𝐵 𝛾𝐵𝐶
𝛾𝐴𝐶
𝑇 𝛾𝐵𝐶

𝑇 𝜎𝐶



Residual Gaussian steering
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For pure 3-mode Gaussian states the residual Gaussian 

steering (RGS) is independent of the steering direction

𝒢𝐴:𝐵:𝐶 𝜎𝐴𝐵𝐶
pure

= logmin
𝑏𝑐

𝑎
,
𝑐𝑎

𝑏
,
𝑎𝑏

𝑐

where 𝑎 = det 𝜎𝐴 , 𝑏 = det 𝜎𝐵 , 𝑐 = det 𝜎𝐶
are constrained to 𝑏 − 𝑐 + 1 ≤ 𝑎 ≤ 𝑏 + 𝑐 − 1
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• One-sided device independent 

quantum key distribution (1sDI-QKD)

– Alice and Bob share a two-mode Gaussian 

state (with standard form covariance matrix 𝜎𝐴𝐵)

– Suppose B is uncharacterized. Then one 

can bound the secure key rate in the limit  

of asymptotically long keys (Walk et al 2014)

• Secure key rate K bound

𝐾 ≥ max 0, 𝒢𝐵→𝐴 𝜎𝐴𝐵 − log
𝑒

2

Applications to cryptography



Multipartite: Secret sharing
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A

B

C
Alice, the dealer

(trusted)

Bob and Charlie, the 

players (potentially 

dishonest, untrusted)

Bob and Charlie 

cannot access Alice’s 

message individually, 

but need to cooperate

E
Eve, the eavesdropper 

(untrusted)



Quantum secret sharing
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• Alice, Bob and Charlie share a 

tripartite entangled state

• Each can do local homodyne 

detections of ො𝑞𝑖 , Ƹ𝑝𝑖 with outcomes 

𝑄𝑖, 𝑃𝑖 on their mode 𝑖 = 𝐴, 𝐵, 𝐶

• The goal is for Alice to establish a 

secret key with a joint variable ത𝑄𝐵𝐶
or ത𝑃𝐵𝐶 for Bob and Charlie

A

B

C

E

• Key rate for security against eavesdropping:

𝐾𝐸
𝐴→{𝐵,𝐶}

≥ − log 𝑒 Δ𝑃𝐴| ത𝑃𝐵𝐶
2 Δ𝑄𝐴| ത𝑄𝐵𝐶

2

• Key rate for unconditional security, including 

dishonesty of the players (Kogias et al 2016):

𝐾𝑈
𝐴→{𝐵,𝐶}

≥ − log 𝑒 Δ𝑃𝐴| ത𝑃𝐵𝐶
2 max Δ𝑄𝐴|𝑄𝐵

2 , Δ𝑄𝐴|𝑄𝐶
2



Quantum secret sharing
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• Mode-invariant unconditional key rate

𝐾full
𝐴:𝐵:𝐶 = min

− log 𝑒 Δ𝑃𝐴| ത𝑃𝐵𝐶
2 max Δ𝑄𝐴|𝑄𝐵

2 , Δ𝑄𝐴|𝑄𝐶
2

− log 𝑒 Δ𝑃𝐵| ത𝑃𝐶𝐴
2 max Δ𝑄𝐵|𝑄𝐶

2 , Δ𝑄𝐵|𝑄𝐴
2

− log 𝑒 Δ𝑃𝐶| ത𝑃𝐴𝐵
2 max Δ𝑄𝐶|𝑄𝐴

2 , Δ𝑄𝐶|𝑄𝐵
2

• Any state 𝜌𝐴𝐵𝐶 with 𝐾full
𝐴:𝐵:𝐶 > 0 is a useful resource

for unconditionally secure quantum secret sharing, 

independently of the assignment of the roles

• The figure of merit 𝐾full
𝐴:𝐵:𝐶 can be computed exactly

for pure three-mode Gaussian states with standard 

form covariance matrix 𝜎𝐴𝐵𝐶
pure

in terms of 𝑎, 𝑏, 𝑐



Tripartite steering as a resource
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• The security figure of merit 𝐾𝑈
𝐴:𝐵:𝐶 admits tight linear 

bounds in terms of the residual Gaussian steering

1

2
𝒢𝐴:𝐵:𝐶 − log

𝑒

2
≤ 𝐾full

𝐴:𝐵:𝐶 ≤𝒢𝐴:𝐵:𝐶 − log
𝑒

2

𝑎 ≥ 1, 𝑏 = 𝑐 → ∞
𝑎 ≥ 1, 𝑏 = 𝑐 = (𝑎 + 1)/2
𝑎 = 𝑏 = 𝑐



Conclusions
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• We defined a Gaussian measure of 

quantum steering for bipartite Gaussian 

states under Gaussian measurements

• We showed that the Gaussian steering 

obeys generalized monogamy relations

• We defined the residual Gaussian steering 

as a genuine tripartite steering indicator

• We operationally linked the residual 

Gaussian steering to the unconditional 

security of partially device-independent 

quantum secret sharing schemes



Outlook: Beyond the            

all-Gaussian world
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• Very recently, examples of two-mode 

Gaussian states have been found,            

which are unsteerable by Gaussian 

measurements, yet steerable by              

non-Gaussian measurements
(Wollman et al arXiv:1511.01231; Ji et al arXiv:1511.02649)

• Necessary and sufficient                    

condition for steerability of                                 

all bipartite Gaussian states                    

(under any measurements)?
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